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Abstract 
This paper proposes a novel trajectory interpolation algorithm for WEDM, namely Unit Generalized Arc Length Increment Method 
(UGALIM). In this method, the generalized arc length is taken as a parameter; the coordinates such as X, Y, U and V are the 
functions of the generalized arc length. In each interpolation period, the generalized arc length increases with exact one Basic 
Length Unit (BLU), the corresponding incremental components along the X, Y, U and V axes are accumulated into their own 
accumulators. Once an overflow occurs in any of the first order accumulators of the X, Y, U or V axes, the corresponding axis will 
move 1 BLU as a step. The interpolation terminates while the interpolated generalized arc length reaches the predefined value. 
Numerical simulation and machining verification were carried out. A typical ruled surface with a circle in the upper plane and a 
square in the lower plane is machined with UGALIM. The result demonstrates the feasibility and advantages of this new 
interpolation method. 
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1. Introduction 
Ruled surfaces can be machined by sweeping the wire 
electrode in WEDM (Fig. 1(a)). Tool path planning is 
done by synchronously interpolating two curves which 
are defined as the intersections of the ruled surface in the 
upper and lower planes of workpiece (Fig. 1(b)). One 
way of interpolation for WEDM is accomplished by the 
traditional Sampled Data Method (SDM) [1] which 
separates each curve into a number of curve segments, 
and replaces each curve segment by its secant line which 
leads to a chord error ε  (Fig. 1(c)). When the sample 
interval gets smaller, more interpolation commands are 
required to assure the accuracy of the approximation. 
Another way of SDM segments curves into small blocks 
during the real-time interpolation to avoid large number 
of commands [2]. Recent works on interpolation mainly 
focus on reducing feedrate fluctuations and contour 
errors. To accomplish these goals, a look-ahead stage for 
optimizing feedrate profiles is necessary which requires 
a large amount of memory [3] or time-consuming 
calculations [4][5][6]. A compromise between memory 
and time was also proposed [7]. However, extra 
synchronizing algorithms for WEDM are needed in the 
above methods because they are developed for only one 
curve and the problem of concerting feedrates of two 
curves calls for more time and memory for calculations. 
SDM for WEDM in which parameters of two NURBS 
are updated in each period was developed [8]. In any 
way of SDM, the magnitude of chord errors grows with 
an increase in sample interval and the maximum total 
error usually exceeds 1 basic length unit (BLU).  
In order to interpolate two curves synchronously with 
only one command with improved accuracy, this paper 
proposes a novel interpolation algorithm so called unit 
generalized arc length method (UGALIM) in which two 
curves are interpolated by moving one BLU on the 
longer curve and less than or equal to one BLU on the 
other. 
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Fig. 1. (a) Ruled surface; (b) Upper curve and lower curve; (c) Chord 
errors caused by secant line approximations in SDM 
Nomenclatures 
s   (generalized) arc length parameter  
( )1x s    coordinate value of X at s  
( )2x s   coordinate value of Y at s  
( )3x s    coordinate value of U at s  
( )4x s   coordinate value of V at s  
.i jQ   j th order threshold of axis i  
( )
,i jx sΔ%  j th order equivalent of increment of 
axis i  at s  
R  radius of circular arc 
0θ  starting angle of circular arc 
k  direction coefficient of circular arc 
,i jS  j th order accumulator of axis i
 
( )12 sr  curve in the lower plane 
( )34 sr  curve in the upper plane 
12s  arc length parameter of the lower 
curve 
34s  arc length parameter of the upper 
curve 
12L  total length of the lower curve 
34L  total length of the upper curve 
L  the larger of 12L  and 34L  
2. Principle of UGALIM 
UGALIM is a uniform method for parametric curves 
in an n-dimensional space. For simplicity, the case of 
planar curves where 2n =  will be discussed. A planar 
curve parameterized by its arc length s  can be given as 
follow: 
( ) ( )( )
1
2
x s
s
x s
⎛ ⎞
= ⎜ ⎟
⎝ ⎠
r  
where 1x  and 2x  are the coordinate values of the X- and 
Y-axes, respectively. 
In each interpolation period of UGALIM, s  increases 
by 1 BLU. The corresponding increments of ix  ( 1,2i = ) 
is expressed by their Taylor expansions to the m th order:  
( ) ( ) ( ) ( )
1
11
!
jm
i
i i i j
j
d x s
x s x s x s j ds
=
Δ = + − =∑   
The choice of m  depends on the type of a curve. 
Generally speaking, 1m =  or 2m = can satisfy most 
requirements for accuracy. 
In order to avoid floating point calculations, 
equivalents of increments ( )
,i jx sΔ%  and thresholds .i jQ  
( 1,  2i = , 1,  2,  ,  j m= K ) are used to give another form 
of ( )ix sΔ : 
( ) ( ) ( )( )
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The equivalents of increments and the thresholds can 
be chosen by observation. For example, a circular arc of 
radius R  centered at the origin can be expressed as  
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where 0θ  is the starting angle of the circular arc. The 
Taylor expansions of ( )ix sΔ   to the 2nd order are  
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where k  is the direction coefficient. k  represents the 
moving direction of the interpolated circular curve. For a 
counter-clockwise interpolation, 1k = ; for a clockwise 
interpolation, 1k = − . By comparing equation (1) with (2) 
and (3), the equivalents of increments and the thresholds 
can be obtained as  
( ) ( )1,1 2x s kx sΔ = −%  ,      ( ) ( )1,2 1x s x sΔ = −%  ,
 
( ) ( )2,1 1x s kx sΔ =%  ,      ( ) ( )2,2 2x s x sΔ = −%  ,
 1,1 2,1 2
RQ Q= =  ,      1,2 2,2Q Q R= =  
 
where ( )1,1x sΔ% , ( )1,2x sΔ% , ( )2,1x sΔ% , ( )2,2x sΔ%  , 1,1Q , 
2,1Q , 1,2Q  and 2,2Q  are all integers. 
To generate pulses for axis i , 1m +  accumulators 
,0iS , ,1iS , …, ,i mS  are set. In each interpolation period, 
for ,  1,  ,  1j m m= − K , ( )
,i jx sΔ%  is computed and 
added into 
,i jS . If , ,i j i jS Q≥  is satisfied, then the 
following corrections are made  
( ), 1 ,sgni j i jS S− + =
 
( ), , ,sgn 2i j i j i jS S Q− = ⋅  
The correction for 
,0iS  is the pulse for axis i . That is, 
when the accumulator 
,1iS  overflows, axis i  moves 1 
BLU as a step in the direction of ( ),1sgn iS . The 
meaning of the process is shown in Fig. 2: a curve is 
treated as a “straight line”, when the point goes from 
( )sr  to ( )1s +r  along the “straight line”, computations 
of accumulators actually find the nearest grid vertex to 
( )1s +r  (point B) and drive axis 1 and 2 from point A 
(the nearest grid vertex to ( )sr ) to point B.  
The interpolation terminates while the interpolated 
generalized arc length reaches the predefined 
generalized arc length.  

Fig. 2. Meaning of the process of UGALIM 
Machining a ruled surface by WEDM requires a 
simultaneous interpolation of two planar curves. 
However, the two curves may not be of the same length. 
Unit arc length increment of each curve in each period 
will result in completing the shorter one before longer 
one. To overcome this problem, the generalized arc 
length parameter, which is the arc length parameter of 
the longer curve, is proposed. 
Denote X and Y, the coordinate values of the curve in 
the lower plane, by 1x  and 2x , as well as U and V, the 
coordinate values of the curve in the upper plane, by 3x  
and 4x . The two curves can be given as follows:  
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Without loss of generality, let 12 34L L> , 
{ }12 34 12max ,L L L L= = ,  and treat the two planar curves 
as a curve in 4D space with the generalized arc length 
parameter 1212 34
34
L
s s s
L
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By introducing the generalized arc length parameter, 
the longer curve moves 1 BLU and the shorter curve 
moves 34 12L L  BLU in each period. Two curves in the 
ruled surface can be interpolated synchronously. The 
flowchart of UGALIM for WEDM is given in Fig. 3. 

Fig. 3. Flowchart of UGALIM for WEDM 
The interpolation process of UGALIM shows that it 
can deal with not only planar curves but also parametric 
curves in a space of a higher dimension without the need 
of linear approximation. Since the arc length parameter 
increases exactly 1 BLU in each period, the feedrate is 
maintained constant and easily be adjusted by changing 
the cycle time. Coordinate values of each axis can be of 
either linear or angular displacements. Computations for 
arc length parameterized curves such as circular arcs and 
lines by involving only integer additions and 
subtractions. Unlike most incremental interpolators such 
as digital differential analyzer interpolator (DDA) and 
direct search interpolator, circular arcs are uniformly 
interpolated by UGALIM regardless of direction and 
quadrant. 
3. Simulations 
A circular arc in the upper plane and a line in the 
lower plane are selected in the WEDM simulation. Each 
circular arc is centered at (0, 0). 1 BLU equals 0.1 μm. 
The data used in simulations are shown in Table 1. The 
simulation results are given in Table 2 (“S” represents 
SDM and “U” represents UGALIM). 
Table 1. Data for simulations 
Index 
Curves 
1 2 3 
Circular 
arc 
Radius (mm) 5.4 5.4 10.8 
Starting Angle  
(radians) 
0 0 0 
Ending Angle 
 (radians) 
π/3 π/3 π/3 
Line 
Starting point 
(mm, mm) 
(2.3, -1.1) (2.3, -1.1) (4.6, -2.2) 
Ending point 
(mm, mm) 
(-0.6, 4.8) (-0.6, 4.8) (-1.2, 9.6) 
Max chord error of SDM 
(BLUs) 1.0 0.5 0.5 
Table 2. Simulation results 
Index & Method 
Results 
1 2 3 
S U S U S U 
Max error of circular 
arc (BLUs) 1.87 0.70 1.41 0.70 1.45 0.70 
Average error of 
circular arc (BLUs) 0.70 0.24 0.41 0.24 0.44 0.24 
Max error of line  
(BLUs) 
0.96 0.65 1.03 0.65 1.05 0.65 
Average error of line  
(BLUs) 
0.27 0.24 0.28 0.24 0.29 0.24 
Number of commands 
required  87 1 122 1 173 1 
The results show that the accuracy of SDM is lower 
than UGALIM. This is because SDM uses secant line 
segments to approximate the curve, bringing in extra 
errors. As shown in simulation 1 and 2, the more the 
maximum chord error is allowed, the larger error the 
SDM will generate. In a comparison between simulation 
	
12L 
 34L 
	 { }12 34: max ,L L L=
	


,
: 0i jS = 

	


( )
, , ,
:i j i j i jS S x s= + Δ%  
Update generalized arc length 1s+ =  
Yes 
No 
, ,
?i j i jS Q≥
Yes 

	


( )
, 1 ,sgni j i jS S− + = 
( ), , ,sgn 2i j i j i jS S Q− = ⋅  
Yes 
No 
Yes 

No 
No 
	
?s L≤
Move upper guide and lower guide 
: 1i =
4?i ≤
:j m=
1?j ≥
j − −
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			
	 		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
	
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	

End
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2 and 3, it can be seen that though a greater curve scale 
increases the error of SDM, it has no effect on the 
accuracy of UGALIM. Besides, SDM requires much 
more commands than UGALIM to represent the line 
segments. 
4. Experiments and Results 
To verify the feasibility of UGALIM, a typical ruled 
surface with a circle in the upper plane and a square in 
the lower plane, as shown in Fig. 4(a), was machined on 
the DK7632A WEDM machine. The thickness of the 
workpiece was 10 mm. By utilizing the UGALIM, one 
fourth of this ruled surface was machined with only one 
line of G code, and the movements of two points in the 
XY and UV planes were simultaneously interpolated 
with a unique single stage interpolation algorithm. In 
this machine, 1 BLU equals 1 μm. The maximum 
interpolation error of the circle and the square are 0.69 
BLU and 0, respectively. The actual maximum error 
depends on the accuracy of machine and workpiece and 
wire alignment. 
The machined workpiece is given in Fig. 4(b). A 
smooth ruled surface is obtained.  

(a)

(b) 
Fig. 4. (a) Ruled surface to be machined with UGALIM; (b) Resulting 
workpiece 
5. Conclusions 
This paper proposed the principle of Unit Generalized 
Arc Length Increment Method (UGALIM).  Simulation 
and machining results of a ruled surface by WEDM are 
provided. To summarize, the advantages of this new 
interpolation algorithm can be listed as below: 
• The maximum interpolation error of UGALIM is less 
than 1 BLU in the interpolations of circular arcs and 
lines, while the sum of chord error and fine 
interpolation error in SDM is difficult to be controlled 
within 1 BLU by a small number of commands; 
• For circular arc and linear interpolations, UGALIM 
involves only integer additions and subtractions, as 
well as a single stage interpolation, resulting in a 
higher computational efficiency, while SDM contains 
two stages (rough and fine) and floating-point 
operations are usually inevitable; 
• UGALIM provides a uniform algorithm for circular 
arc interpolations regardless of direction and 
quadrant, it makes the interpolation method much 
simpler as compared to existing incremental 
interpolation methods such as DDA and direct search 
method; 
• UGALIM uniquely provides consistency of tangential 
feedrates along a curve, as compared to most of 
incremental interpolation algorithms, the tangential 
feed rate can also be adjusted according to a 
designated feed strategy; 
• The ruled surfaces, which are described by two 
curves in the upper and lower planes of a workpiece 
respectively, can also be interpolated directly with 
UGALIM without using any linear approximations, 
while in SDM the curves can only be divided into line 
segments before fine interpolation. 
UGALIM can not only deal with circular arcs and 
lines, but can also directly interpolate non-circular 
parametric curves, such as, involutes, cycloids, spirals, 
without resorting to any linear approximations as in 
SDM. Furthermore, it is capable of interpolating multi-
axis complex trajectories described by position and the 
attitude simultaneously, regardless of how many axes it 
involves, thus the number of axes may exceed 6 or even 
more. Research on interpolations of these trajectories 
will be carried out in the future. 
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